Abstract. We study the parabolically induced complex representations of the unitary group in 5 variables, U (5), defined over a p-adic field.
Introduction
We study the parabolically induced complex representations of the unitary group in 5 variables -U (5) -defined over a non-archimedean local field of characteristic 0. This is Q p or a finite extension of Q p , where p is a prime number. We speak of a 'p-adic field'.
Let F be a p-adic field. Let E : F be a field extension of degree two. Let Gal(E : F ) = {id, σ} be the Galois group. We write σ(x) = x ∀x ∈ E. Let E * := E \ {0} and let E 1 := {x ∈ E | xx = 1}. Let | | E denote the p-adic norm on E. U (5) has three proper parabolic subgroups. Let P 0 denote the minimal standard parabolic subgroup and P 1 and P 2 the two maximal standard parabolic subgroups. One has the Levi decomposition P i = M i N i , i ∈ {0, 1, 2}, where M i denote the standard Levi subgroups and N i are the corresponding unipotent subgroups of U (5).
is the minimal Levi subgroup, M 1 ∼ = GL(2, E) × E 1 and M 2 ∼ = E * × U (3) are the two maximal Levi subgroups.
We consider representations of the Levi subgroups, extend them trivially to the unipotent subgroups to obtain representations of the parabolic groups. We now perform normalised parabolic induction to obtain representations of U (5).
We consider representations of M 0 , further we consider non-cuspidal, not fully-induced representations of M 1 and M 2 . For M 1 this means that the representation of the GL(2, E)− part is a proper subquotient of a representation induced from E * × E * to GL(2, E). For M 2 this means that the representation of the U (3)− part of M 2 is a proper subquotient of a representation induced from E * × E 1 to U (3).
As an example for M 1 , take | det | α p χ(det) St GL 2 ⋊λ ′ , where α ∈ R, χ is a unitary character of E * , St GL 2 is the Steinberg representation of GL(2, E) and λ ′ is a character of E 1 . As an example for M 2 , take | | α χ ⋊ λ ′ (det) St U(3) , where α ∈ R, χ is a unitary character of E * , λ ′ is a character of E 1 and St U(3) is the Steinberg representation of U (3). Note that λ ′ is unitary.
We determine the points and lines of reducibility of the representations of U (5), and we determine the irreducible subquotients.
The irreducible complex representations of U (3) over a p-adic field obtained as subquotients of parabolically induced representations have been classified by Charles David Keys in [Key84] , the irreducible complex representations of U (4) over a p-adic field obtained as subquotients of parabolically induced representations have been classified by Kazuko Konno in [Kon01] .
We start with some basic definitions. In section 3 we give the classification of the irreducible noncuspidal representations of U (3), as has been done by Charles David Keys [Key84] . We reassemble the results for the irreducible unitary representations.
In section 4 we determine when the induced representations to U (5) are irreducible. It is done for representations induced from M 0 and for non-cuspidal, not fully-induced representations of the two maximal Levi subgroups M 1 and M 2 .
Representations of M 0 are of the form | | Let N E/F (E) denote the norm map of E with respect to the field extension E : F, i.e. N E/F (x) = xx ∀x ∈ E.
In Theorems 4.2, 4.3 and 4.5 we show that for α 1 , α 2 ∈ R + | | (1) | α 1 − α 2 |= 1 and χ 1 = χ 2 , (2) | α 1 + α 2 |= 1 and χ 1 (x) = χ −1 2 (x) ∀x ∈ E * , (3) ∃i ∈ {1, 2} s.t. α i = 1 and χ i = 1, (4) ∃i ∈ {1, 2} s.t. α i = 1/2 and χ i | F * = 1, but χ i | N E/F (E * ) = 1, (5) ∃i ∈ {1, 2} s.t. α i = 0 and χ i = 1, but χ i | F * = 1.
Let χ be a unitary character of E * . The condition that χ(x) = χ −1 (x) ∀x ∈ E * is equivalent to the condition that χ | N E/F (E * ) = 1 and to the fact that χ is a character of a type as in 3. 4. or 5. of the list above.
In 4.3 we consider representations induced from irreducible non-cuspidal representations of M 1 and M 2 that are not fully-induced.
We consider | det | α p χ St GL 2 ⋊λ ′ and | det | α p χ1 GL 2 ⋊ λ ′ , where α ∈ R + , χ is a unitary character of E * , St GL 2 is the Steinberg representation of GL(2, E), λ ′ is a unitary character of E 1 and 1 GL 2 is the trivial representation of GL(2, E).
In Theorem 4.7 and Proposition 4.8 we show that for α ∈ R + , | | (1) α = 1/2 or α = 3/2 and χ = 1, (2) α = 0, α = 1/2 or α = 1 and χ | F * = 1, but χ | N E/F (E * ) = 1, (3) α = 1/2 and χ = 1 but χ | F * = 1.
We consider | | α χ ⋊ τ, where α ∈ R + , χ is a unitary character of E * and τ is an irreducible non-cuspidal unitary representation of U (3) that is not fully-induced. We consider all irreducible proper subquotients τ of representations induced to U (3) from its unique proper Levi-subgroup M ∼ = E * × E 1 , as classified by Charles David Keys in [Key84] .
In Theorems 4.9, 4.11, 4.13 and in Propositions 4.10, 4.12 and Remark 4.14 we show that these representations are irreducible unless one has a certain combination of α ∈ {0, 1/2, 1, 3/2, 2} and χ = 1, or χ = 1 but χ | F * = 1, or χ | F * = 1 but χ | N E/F (E * ) = 1.
In the case of reduciblility the irreducible subquotients are determined in the course of section 4. In several cases the irreducible suquotients are determined in section 5.
In section 5 we treat several 'special' reducibility points of representations induced from the minimal parabolic subgroup
′ has more than two irreducible subquotients, more precisely it has four irreducible subquotients.
If this is the case, then α 1 , α 2 ∈ {0, 1/2, 1, 3/2, 2} and χ i (x) = χ −1 i (x) for i = 1, 2 and ∀x ∈ E * . I.e. χ i = 1, or
We determine the irreducible subquotients in terms of Langlands-quotients, and we determine whether these Langlands-quotients are unitary. 
Definition 2.7 An irreducible representation π of G is called cuspidal if π has a non-zero matrix coefficient f : G → C that is compactly supported modulo the center of G.
Definition 2.8 An irreducible representation π of G is called square-integrable if π is unitary and if π has a non-zero matrix coefficient
It follows that all matrix coefficients of π are square-integrable.
Definition 2.9 An irreducible representation π of a group G is tempered if it is unitary and if π has a non-zero matrix coefficient f :
Remark 2.10 Square-integrable representations are tempered.
Let F be a non-archimedean local field of characteristic 0. i.e. Q p or a finite extension of Q p , where p is a prime number.
Let E : F be a field extension of degree two, hence a Galois extension. Let Gal(E : F ) = {id, σ}. The action of the non-trivial element σ of the Galois group is called the conjugation of elements in E corresponding to the extension E : F. We write σ(x) = x ∀ x ∈ E and extend − to matrices with entries in E.
Let Φ ∈ GL(n, E) be a hermitian matrix, i.e. Φ t = Φ, let U Φ be the unitary group definded by Φ :
Denote by U (n) the unitary group corresponding to Φ n if n is odd or to ζΦ n if n is even, respectively. It is quasi split.
Let n be an even positive integer. We will call Levi subgroup of U (n) a subgroup of block diagonal matrices
where m, n 1 , . . . , n k are strictly positive integers such that m + 2
We chose the corresponding parabolic subgroup P such that it contains L and the subgroup of upper triangular matrices in U (n). We call a parabolic subgroup P that contains the subgroup of upper triangular matrices standard. Let N be the unipotent subgroup with identity matrices for the block diagonal matrices of L, arbitray entries in E above and 0 ′ s below. Then one has the Levi decomposition P = LN.
Let π i , i = 1, . . . k, be smooth admissible representations of GL(n i , E) and σ a smooth admissible Definition 2.12 Let n ∈ N and let τ be an irreducible representation of U (n). Then there exist irreducible cuspidal representations ρ 1 , . . . , ρ k of general linear groups and an irreducible cuspidal representation σ of some U (m) that are, up to isomorphism and replacement of ρ i by ρ
The representation σ is called the partial cuspidal support of τ and is denoted by τ cusp . Definition 2.13 Let π be a smooth representation of finite length of G. Thenπ denotes the Aubert dual of π, as defined in [Aub95] .
3. The representations of U (3) 3.1. The irreducible representations of U (3). U (3) has a unique standard proper parabolic subgroup, denoted by P. Let M be the standard Levi subgroup and N the unipotent radical corresponding to P.
where E * is the group of invertible elements of E and E 1 := {x ∈ E : xx = 1}.
For a smooth character λ ∈ Hom(M, C * ) there exist unique smooth characters λ 1 ∈ Hom(E * , C * ) and λ ′ ∈ Hom(E 1 , C * ) such that
Every smooth character of E * can be written in the form λ 1 (x) =| x | α1 χ 1 (x), with α 1 ∈ R and χ 1 a unitary character. λ ′ : E 1 → C * is smooth and E 1 is a compact group, hence λ ′ is unitary.
These are all characters of M. We extend λ from M to P, by taking λ | N = 1.
We induce parabolically from P to U (3) and obtain
The complex vector space V of the representation π is defined as follows: Let N E/F ( ) denote the norm on E corresponding to the field extension E/F of degree 2:
Let X 1 F * be the set of characters χ of E * that are non-trivial and whose restriction to F * is trivial:
, x ∈ F * } be the maximal split torus over F.
By David Keys [Key84] the induced representation Ind

U(3) P
(λ) is irreducible except in the following cases:
Note that in 1. and 2. changing the sign of the exponent is equivalent to replacing λ by wλ, where w ∈ W is the non-trivial element of the Weyl group. Thus, the sign of the exponent does not affect the set of irreducible constituents. We give the classification for positive exponent, for negative exponent the irreducible constituents exchange roles.
The classification does not depend on λ ′ .
In the first case Ind
(λ) has exactly two constituents, the character ψ := λ ′ • det = Lg(λ 1 ; λ ′ ) and the square-integrable subrepresentation St U(3) ·ψ. ψ and St U(3) ·ψ are unitary.
In the second case Ind U(3) P (λ) has exactly two constituents, a square-integrable (and hence unitary) representation π 1,χω E/F and a non-tempered unitary representation π 2,χω E/F = Lg(λ 1 ; λ ′ ).
In the third case Ind
(λ) decomposes into the direct sum σ 1,χ1 F * ⊕ σ 2,χ1 F * . The two constituents σ 1,χ1 F * and σ 2,χ1 F * are tempered, hence unitary. 
Proof. Representations of 0., 1. and 2. are unitary, hence hermitian. If for α > 0 | | α χ ⋊ λ ′ is reducible, all subquotients are hermitian and part of the list.
We have
Let α ∈ R and χ be a smooth unitary character of E * . Like before we set λ = λ 1 ⊗ λ ′ , where
If Ind
U(3) P
(λ) reduces we have seen that all subquotients are unitary. 
Proof.
We use the fact that every character of E * can be written as λ 1 =| | α χ, where α ∈ R and χ is a unitary character.
For the rest of the proof we need some preparatory theory.
and V be the corresponding vector space. We give, on the same vector space V, a family of U (3)− invariant hermitian forms, parametrised by α ∈ R * + :
w is the non-trivial and the longest element of W, and A(w, λ) :
O is the ring of integers of E. For α ∈ R * − , one can equivalently define such an intertwining operator.
Let G be a connected reductive group defined over a p-adic field. Let (π, V ) be a representation of G, for a finite dimensional vector space V. One has the following construction:
Lemma 3.6. Assume one has, on the same vector space V, a continuous family of induced irreducible representations (π α , V ), α ∈ X, where X is a connected set, that posses non-trivial hermitian forms (invariant under G). Suppose that some π α is unitary. If a family of non-degenerate hermitian forms on a finite dimensional space, parametrised by X, is positive definite at one point of X, it is positive definite everywhere. Hence π α is unitary ∀α ∈ X.
Remark 3.7 One may reduce the argument to finite dimensional spaces by considering spaces ⊕V (δ), where δ runs over fixed finite subsets of the irreducible unitary representations of the maximal compact subgroup U (3, O).
We continue the proof of 3.5. 
(λ) is irreducible and not hermitian and hence not unitarisable.
It remains to show that Ind
Further it remains to show that Ind
This will show 1. ⇒ and 2. ⇐; 2. ⇒ is shown by 1. ⇐ .
Let F be a non-archimedean local field of characteristic 0 and let G be an arbitrary reductive group defined over F. Let σ ∈ Hom(M, C * ) n.r. , where Hom(M, C * ) n.r. is the group of non-ramified characters of M. It is canonically isomorphic (as a topological group) to a direct product of a finite number of copies of C * . Let π be an irreducible representation of M. We will use Lemma 5.1 (i) of [Mui97] that is a special case of Theorem 4.5 in [Tad88] :
has an irreducible unitary subquotient is compact.
Proof of 1. ⇒ and 2. ⇐: Ind (5) 4.1. Levi decomposition for U (5). Recall the Levi decompositon P = M N, where P is a standard parabolic subgroup, M is the standard Levi-subgroup corresponding to P and N is the unipotent subgroup corresponding to P and to M.
The irreducible representations of U
The standard Levi subgroups of U (5) are the following three:
(the Levi-group corresponding to the minimal parabolic subgroup),
M 2 := E * × U (3) (the two Levi-groups corresponding to the maximal parabolic subgroups).
In matrix form we can write:
The unipotent subgroups are
where * are entries in E.
We obtain the parabolic subgroups
, a ∈ GL(2, E), k ∈ E 1 , * ∈ E} ∩ U (5), and
We consider representations of the Levi-subgroups. One extends them to representations of P, by extending them trivially to the unipotent subgroup N. Then one performs normalized parabolic induction to the whole group U (5).
Representations with cuspidal support in
Then each character λ of M 0 can be written as
By λ := λ 1 ⊗ λ 2 ⊗ λ ′ we denote the characters of M 0 and by
We start with the case where λ 1 = χ 1 and λ 2 = χ 2 are unitary characters, i.e. α 1 = α 2 = 0. 
Proof. For the proof we use the theory of R− groups, these are subgroups of the Weyl group W of U (5).
is the symmetric group in 2 letters.
Let λ be a character of M 0 , and
(wλ) be the intertwining operator of Ind
By a result of D. Keys, the number of inequivalent irreducible components of Ind U(5) P0 (λ) equals the number of conjugacy classes in R, see Corollary 1 in [Key82] .
In order to make use of the Theorem 3.4 in [Gol95] we introduce some notation:
U(2n+1) be the unitary group in 2n or 2n + 1 variables, respectively.
By convention G(0) = U (1). Let ǫ 2 (G) be the set of equivalence classes of irreducible squareintegrable representations of G .
In the present case this translates to:
Recall that for a unitary character
, where σ 1,χ and σ 2,χ are tempered.
We apply the theorem:
, and χ 1 × χ 2 ⋊ λ ′ has two irreducible inequivalent constituents: χ j ⋊ σ 1,χi and χ j ⋊ σ 2,χi . They are tempered and hence unitary.
2. Let d = 2. χ 1 and χ 2 are two inequivalent characters and χ i ∈ X 1 F * for i = 1, 2. R ∼ = (Z/2Z) 2 , and χ 1 × χ 2 ⋊ χ ′ has four irreducible inequivalent unitary constituents. By [Gol95, Theorem 4.3] they are tempered and elliptic.
Irreducible subquotients of
be the minimal Levi subgroup, let P 0 = M 0 N 0 be the corresponding parabolic subgroup, i. e. the minimal parabolic subgroup. N 0 is the unipotent radical of P 0 .
Let
If α 2 > α 1 we change parameters. The case α 2 = 0 is treated seperately.
Recall that X ω E/F is the set of characters of E * whose restriction to F * is the character ω E/F , i.e. whose restriction to F * is non-trivial on F * but trivial on N E/F (E * ). X 1 F * is the set of nontrivial characters of E * whose restriction to F * is trivial.
. They are unitary.
From now on, the lack of an entry at position ij in a matrix means that the entry equals 0. 
is reducible if and only if at least one of the following conditions holds:
is the longest element of the Weyl group, and for m ∈ M 0 it is wλ(m) := λ(
Hence Ind
If A(w, λ) is either not injective or not surjective it follows that Ind
P0 (λ) is reducible. The decomposition of the long intertwining operator into short operators shows for which α 1 , α 2 and unitary characters χ 1 and χ 2 the long intertwining operator is not an isomorphism. The following diagram gives the decomposition of A(w, λ). In all other cases the short intertwining operators are holomorphic and isomorphisms, hence A(w, λ) is an isomorphism and the representation
On the other hand, if at least one of the short intertwining operators is no isomorphism, | | α1
′ is reducible by indcution in stages; in these cases we determine the irreducible constituents in Theorems 4.7, 4.9, 4.11, 5.2, 5.3, 5.4 and 5.6.
is reducible if and only if
Proof. 1. ⇒ We use Lemma 2.1 of [Tad09] .
Lemma 4.6 ([Tad09]). Let π be an irreducible representation of U (m) and let ρ be an irreducible cuspidal representation of a general linear group
Here π ∼ = χ 2 ⋊ λ ′ and ρ ∼ = | | α1 χ 1 . If none of the four cases in Theorem 4.5 holds we are in the position to apply Lemma 4.6, hence
In those cases where 
Proof. Let R(U (n)) be the Grothendieck group of the category of admissible representations of finite length of U (n) and let R( 
We have w ′ :=
The decomposition of A(w ′ , λ) into short intertwining operators gives information for which α > 0 and unitary characters χ of E * this operator is an isomorphism. The following diagram shows the decomposition of A(w ′ , λ). i 1 and i 2 are inclusions that depend holomorphically on α. 
Representations
). Let τ 1 be a tempered representation of GL(2, E), let τ 2 be a tempered representation of U (3) and let τ be a tempered representation of U (5).
The 
where τ 1 and τ 2 are tempered such that
Proof. We consider Jaquet-restriction of χ1 GL 2 ⋊ λ ′ to the minimal parabolic subgroup:
Hence all subquotients of χ1 GL 2 ⋊ λ ′ are non-tempered.
is the only non-tempered Langlands quotient
′ is irreducible by Aubert duality, it is tempered. We consider restriction to the parabolic subgroup P 1 : 
, not fully-induced We now look at representations induced from the maximal parabolic subgroup P 2 , whose cuspidal support is in M 0 and that are not fully induced.
is a maximal standard Levi subgroup and N 2 the unipotent subgroup corresponding to P 2 and M 2 .
Let χ be a unitary character of E * . Let β ∈ R + . Recall from 3.1 the irreducible subquotients of the induced representations to U (3) in the cases that | | β χ⋊λ ′ is reducible:
All irreducible subquotients are unitary.
Let α ∈ R * + . We study the representations
Further we study representations
Theorem 4.9. Let α ∈ R * + and χ be a unitary character of
are irreducible unless one of the following conditions holds:
1. α = 2 and χ = 1, 2. α = 1 and χ = 1,
has the same points of reducibility.
Let 
The following diagram gives the decomposition of A(w ′′ , λ) into short intertwining operators. i 1 and i 2 are inclusions and depend holomorphically on α. 
In those cases where A(w 1 , λ), A(w 2 , w 1 λ) and A(w 2 , w 1 w 2 λ) are isomorphisms, A(w ′′ , λ) is an isomorphism, and the representations | | α χ⋊ λ
is left to be investigated. It is done in 5.2 and in 5.6. 
where τ 3 and τ 4 are tempered such that τ 3 = Lg(| | 1; 1 ⋊ λ ′ ) and τ 4 = Lg(| | 1/2 St GL 2 ; λ ′ ).
τ 5 and τ 6 are tempered, such that τ 5 = Lg(| | 1; σ 1,χ1 F * ), τ 6 = Lg(| | 1; σ 2;χ1 F * ).
Proof. We consider the Jaquet restriction of χ ⋊ λ ′ (det)1 U(3) to the minimal parabolic subgroup:
is tempered, hence all its subquotients are tempered.
If χ = 1 and χ / ∈ X 1 F * , then Lg(| | 1; χ ⋊ λ ′ ) is the only non-tempered Langlands quotient supported in | | 1 ⊗ χ ⊗ λ ′ , and
is irreducible by Aubert duality.
is tempered and so are its subquotients.
has two irreducible subquotients, the tempered representations
We consider restriction to the parabolic subgroup P 2 .
is irreducible and appears with multiplicity 2 in
. Hence multiplicities of τ 3 and τ 4 equal 1 and 1 ⋊ λ ′ (det) St U(3) is a representation of length 2. By Aubert duality multiplicities of the irreducible subquotients of 1 ⋊ λ ′ (det)1 U(3) equal 1 and it is a representation of length 2.
If χ =: χ 1 F * ∈ X 1 F * , then Lg(| | 1; σ 1,χ1 F * ) and Lg(| | 1; σ 2,χ1 F * ) are the only non-tempered Langlands-quotients supported in
is tempered and so are its subquotients. Hence Lg(| | 1; σ 1,χ1 F * ) and Lg(| | 1; σ 2,χ1 F * ) are the irreducible subquotients of
has two irreducible subquotients, the tempered representations τ 5 := Lg(| | 1; σ 1,χ1 F * ) and τ 6 := Lg(| | 1; σ 2;χ1 F * ).
We consider the restriction to the parabolic subgroup P 2 :
. Hence multiplicities of τ 5 and τ 6 equal 1 and
is a representation of length 2. By Aubert duality multiplicities of the irreducible subquotients of χ 1 F * ⋊ λ ′ (det)1 U(3) equal 1 and it is a representation of length 2.
Let α ∈ R * + and let χ be a unitary character of E * . Let χ ω E/F ∈ X ω E/F , i.e. χ ω E/F is a (unitary) character of E * whose restriction to F * equals the character ω E/F . Let π 1,χω E/F be the unique square-integrable subquotient and let π 2,χω E/F be the unique irre- 
where τ 7 and τ 8 are tempered representations such that
Proof. We consider Jaquet restriction to the minimal parabolic subgroup:
Hence all irreducible subquotients of χ ⋊ π 2,χω E/F are non-tempered.
is the only non-tempered Langlands quotient supported
hence its subquotients are tempered. Hence Lg(| | 1/2 χ ω E/F ; σ 1,χ1 F * ) and Lg(| | 1/2 χ ω E/F ; σ 2,χ1 F * ) are the subquotients of χ 1 F * ⋊ π 2,χω E/F . By Aubert duality χ 1 F * ⋊ π 1,χω E/F has two subquotients,
We consider restriction to the parabolic subgroup P 2 : χ ω E/F ; σ 2,χ1 F * ) are of multiplicity 1, and χ 1 F * ⋊ π 2,χω E/F is a representation of length 2.
Let α ∈ R * + and let χ be a unitary character of E * . Let χ 1 F * ∈ X 1 F * , i.e. χ 1 F * is a non-trivial unitary character of E * whose restriction to F * is trivial. Recall that χ 1 F * ⋊ λ ′ = σ 1,χ1 F * ⊕ σ 2,χ1 F * , where σ 1,χ1 F * and σ 2,χ1 F * are tempered [Key84] . 1. α = 1 and χ = χ 1 F * , 2. α = 1 and χ = 1,
′ be the intertwining operator corresponding to the longest element w ′′ ∈ W respecting M 2 ∼ = E * ×U (3). The decomposition into short intertwining operators shows when | | α χ ⋊ σ 1,χ1 F * is irreducible.
Let In all other cases A(w 1 , λ), A(w 2 , w 1 λ), A(w 1 , w 2 w 1 λ) and hence A(w ′′ , λ) are isomorphisms, and
F * is left to be investigated. It is done in 5.6, 5.7 and in 5.8.
F * , where σ 1,χ1 F * and σ 1,χ1 F * are tempered [Key84] .
Remark 4.14 By Theorem 4.1 the representations χ ⋊ σ 1,χ1 F * and χ ⋊ σ 2,χ1 F * are reducible if and only if χ ∈ X 1 F * such that χ ≇ χ 1 F * .
'Special' Reducibility points of representations of U (5) with cuspidal support in M 0
We determine the irreducible subquotients of the representations whose reducibility has not been examined in Chapter 2.
Let χ ω E/F ∈ X ω E/F . Let π 1,χω E/F be the unique irreducible square-integrable subquotient and let
Recall that χ 1 F * = σ 1,χ1 F * + σ 2,χ1 F * , where σ 1,χ1 F * and σ 2,χ1 F * are tempered [Key84] .
In Theorem 4.7 the irreducible subquotients of the following representations are left to be examined:
In Theorem 4.9 the irreducible subquotients of the following representations are left to be examined:
Theorem 4.11 leaves the following representations to be examined:
Theorem 4.13 leaves the following representations to be examined:
All representations are treated in this chapter. We determine whether the irreducible subquotients are unitary.
In the Grothendieck group of the category of admissible representations of finite length one has
, where Proof. We have seen in Proposition 4.10 that
, where
, and τ 3 and τ 4 are tempered.
are unitary, hence all irreducible subquotients are unitary.
| |
In the Grothendieck group of admissible representations of finite length one has
By results of Casselmann ( [Cas81] , page 915) λ ′ (det) St U(5) and its Aubert dual λ
Moreover we have
All irreducible subquotients are unitary.
Proof. In Proposition 4.8 we have seen that
χ ω E/F 1 GL 2 ⋊ λ ′ are unitary, hence all irreducible subquotients are unitary. 
| |
We consider Jaquet-restriction to the minimal parabolic subgroup: We have
So far we have shown:
where A 1 , A 2 , A 3 , A 4 are sums of tempered representations. We will prove that A 1 = A 2 = A 3 = A 4 = 0.
A tempered representation is the subquotient of a representation induced from a square-integrable representation. Here, for each proper Levi subgroup M i , i = 0, 1, 2 of U (5), Ind
does not contain any square-integrable subquotient. Hence all tempered subquo-
Assume there existed a square-integrable subquotient β of
We consider Jaquet restriction to the minimal parabolic subgroup.
hence by Casselmann square-integrability criterion
As its restriction is negative and as
We have seen that
) must contain at least the two negative irreducible subquotients
We obtain that Lg(
is the dual of a square-integrable representation. It should be unitary, but we have no proof for it. See [Han09] , where the proof for the unitarisability of the Aubert dual of a strongly positive square-integrable representation is given for orthogonal and symplectic groups. Applying Theorem 1.1 and Remark 4.7 of [HT10] to the representation | | 3/2 χ ω E/F ⋊ π 1,χω E/F we see that
We have no proof that
, Proposition 6.3, where a proof is given for symplectic and special orthogonal groups and when the representation of the GL 2p − part, p ≥ 1, of the inducing representation, is essentially square-integrable.
Remark 5.5 If we assume that
, and both subquotients are non-unitary.
Further we are able to prove that
, are non-unitary for 0 < α < 1/2, 1/2 < α 1 < 1, α 2 = 1 − α 1 . See Remarks ?? and ??.
We can not give a complete decompositon of | | χ 1 F * × χ 1 F * ⋊ λ ′ into irreducible subquotients. We have the following result: 
We prove this assertion:
are the only non-tempered irreducible subquotients of
By the Casselman square-integrability criterion
A tempered representation is the subquotient of a representation induced from a square-integrable representation.
square-integrable subquotient of | | 1/2 χ 1 F * St GL 2 ⋊λ ′ .
| | χ 1 F * ⋊ σ 1,χ1 F * and | | χ 1 F * ⋊ σ 2,χ1 F * have the same Jaquet-restrictions:
We chose σ 1,χ1 F * and σ 2,χ1 F * such that δ is a subquotient of | | χ 1 F * ⋊ σ 1,χ1 F * and Lg(| | 1/2 χ 1 F * St GL2 ; λ ′ ) is a subquotient of | | χ 1 F * ⋊ σ 2,χ1 F * .
We have no contradiction that | | 1/2 χ 1 F * St GL 2 ⋊λ ′ contains a second irreducible square-integrable subquotient δ ′ that would be a subquotient of | | χ 1 F * ⋊ σ 2,χ1 F * , and that | | 1/2 χ 1 F * 1 GL 2 ⋊ λ ′ either
Looking at Jaquet modules we see that Lg(| | 
